Lecture 12: Maximization
COSC 311 Algorithms, Fall 2022



Overview

1. Recurring Recurrences
2. Maximizing Profit
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The conclusion of the theorem still holds in this case!
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Profit Maximization

Market Summary > Alphabet Inc Class A
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Goal. Pick day b to buy and day s to sell to maximize
profit.



Formalizing the Problem

Input. Array a of size n
e a[i] = price of Alphabet stock on day i

Output. Indices b (buy) and ﬂsell) with 1 < b < s < n that
maximize profit



Simple Procedure

Devise a procedure to determine max profit in time O(n?).
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Divide and Conquer?

Question. Can we compute maximum profit faster?

e Use divide an conquer?
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Maximum Profit via D&C?

Market Summary > Alphabet Inc Class A
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Three Cases
Array a of size n, midpoint m = n/2

1. Maximum profit in left half: b, s < n/2
2. Maximum profit in right half: n/2 < b, s
3. Maximum profit splits the halves: b < n/2 <s
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Algorithmic Approach

1. Find maximum profit in left half
e get value from recursive method call 6—7

2. Find maximum profit in right half - (RGNS
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Observation

To find the maximum profit for split halves:

1. find the lowest price a[b] for b < n/2
2. find the highest price a[s] for s > n/2

Maximum profit is a[s] — a[b].
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Maximization Pseudocode

# find maximum profit achievable for b, s

# satisfying i <= b <= s < j

"(S oS C O

MaxProfit(a, i, J):

if j - i = 1 then return 0 .
mid PF.
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left <- MaxProfit(a, i, m) KZQU(S‘UQ‘ N
right <- MaxProfit(a, m, Jj)
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Algorithm Correctness

Claim. MaxProfit(a, i, j) returns the maximum value
of a[s] — a[b] over all s, b satistyingi < b < s <.

Proof. Argue by induction or(n =j— zT= size of the call.

MaxProfit(a, i, Jj):

=) if j - 1 =1 then return 0

Base case. n = 1.
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Inductive Step I

min <- FindMin(a, i, m), max <- FindMax(a, m, J)

return Max(left, right,{max - minfe— WAerx W Ceast 3

Claim. MaxProfit(a, i, j) returns the maximum value
of a[s] — a[b] over all s, b satistyingi < b < 5 <.
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Inductive Step II

MaxProfit(a, i, J):
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left <- MaxProfit(a, i, m), right <- MaxProfit(a, m, jz]
min <- FindMin(a, i, m), max <- FindMax(a, m, J)

—)return Max(left, right, max - min)

Claim. MaxProfit(a, i, j) returns the maximum value
of a[s] — a[b] overall s, b satisfying i < b < s <j. o[t nnd
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Running Time Rercurrence?

T(n) =(aY (n(b) —I@

# find maximum profit achievable for b, s

# sacisfying i <= b <= s < 7j 4 VA J

MaxProfit(a, i, J): Ej:

if j - 1 =1 then return ‘f (9& \')

L left <- MaxProfit(a, i, m)
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right <- MaxProfit(a, m, Jj)
min <- FindMin(a, i, m) @('(\

max <- FindMax(a, m, Jj)

return [Max(left, right, max - mln) ( (9’(.\3
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Applying Master Theorem

e Given recurrence T(n) = al'(n/b) + f(n)

e Define ¢ = log, a

e Three cases:
1. If f(n) = O(n?) ford < c then T(n) = O(n°)
9. If f(n) = O° log* n) then T(n) = O log"™! n)
3. If f(n) = Q(n?) ford > c, then T(n) = O(f(n))



Exercise

Modity the code to return the indices b and s that
maximize profit.

# find maximum profit achievable for b, s

# satisfying i <= b <= s < j

MaxProfit(a, i, J):

if j - 1i =1 then return 0

m<- (i + j) / 2
left <- MaxProfit(a, i, m)

right <- MaxProfit(a, m, j)
min <- FindMin(a, i, m)
max <- FindMax(a, m, Jj)

return Max(left, right, max - min)
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