Lecture 06: Sorting by
Divide and Conquer II

COSC 311 Algorithms, Fall 2022



Announcement

Accountability Groups



Overview

1. MergeSort
2. Running Time of Merge Sort
3. QuickSort
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e Sorting meets Divide & Conquer Lm m F]
e MergeSort: Divide by Index \M(5{~/ &

1. divide a into halves m = (n + 1)/2 Co¢ {rd w

2. sortal[l..m — 1] recursively
3. sort a[m. .n] recursively
4. merge a[l..m — 1] and a[m. . n] to form sorted array



Pseudocode

# sort values of a between indices i and j-1

hpar- Cuwse

if j - i =1 then

Gt K q Qq{' (e S:-‘c l/\o.\—c

endif
Ee;;eé;r:(izi{m? E SOC& \["\%\A k
MergeSort(a,m,j)C , \/\c&\\,&s

Merge(a,i,m,J)




[llustration of MergeSort
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Establish two claims: c
Claim 1 (merge). If a[i..m — 1] and a[m.g_a%(;&tﬁd,

then after Merge(a, i, m, j), ali. .J] is sorted.
e Argued on lecture ticket!

Claim 2. For any indices i < j, after calling
MergeSort(a, i, j), ali. . ] is sorted.

e Argue by Induction!



Pseudocode Again

# sort values of a between indices

MergeSg z : k’ - \
1f §j - 1

MergeSort(a,i,m)
MergeSort(a,m, j)
Merge(a,i,m,J)

i and j-1
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Inductive Claim A, J\o—"-‘(”} o<k

Consider MergeSort(a, i, j), definelk = j — i\to be size

P(k): for every k' < k, MergeSort(a, i, j) with size k’
succeeds

Base case k = 1: (

A\ ascons of  Size otk
Sorked !
Inductive step|P(k)| = P(k + 1):
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Selection  Sod: @(n"*)

Question

How efficient is MergeSort?

# sort values of a between indices i and j-1
MergeSort(a, i, Jj):
if j - i =1 then
return
endif
m<- (i + 3j) / 2

MergeSort(a,i,m)
MergeSort(a,m, j)
Merge(a,i,m,Jj)
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Analyzing Running Tim&-izc—

# sort values of a between indices i and j-1
MergeSort(a, i, Jj):

Observation 1. Let k = j — i be the size of the method chll
MergeSort(a, i, j). Then running time is O(k)+ running
time of recursive calls on lines 6-7.

Observation 2. Recursive calls have sfze k/ZJ \,L

e Assume size is power of 2




Combining Observations



Loolc.'ml} C. Cecwncesive Calls \oy dus :
Colls (szed no. calls Sia. of

Callg
®

n

1
N —




Loolc.'mq C. Cecwncesive Calls \oy de

Colls (size) vo. Cals Size of
i

@/@\@ N .




Loolc.'mq C. Cecwncesive Calls \oy dus :
Colls (szed no. calls Sia. of

0 1
| /@\@ 2

n

%

2 (3 %@\g—a : u
8 t



Loolc.'ml} C. Cecwncesive Calls \oy de

Colls (size) no. calls



L.oolc.'mg C. Cecwncesive Calls \oy dus :
Colls (szed no. calls Sia. of

0 1 n
e o
z ) C—@/\@ o 5

<O Y\ L,
J ) =L
tog* (©) U /7\/-2\ =2 ¥
1“- ﬁ]ﬁ_:loc'“

When do We 3‘\'0?9



Recall Logarithms (base 2)

Define log by

eloga=b < 2°=ua

Another way

e loga is # times a can be divided by 2 to get (at most) 1.

Facts.

1. For every constant ¢ > 0, logn = O(n°).
2. logn # O(1).



Ruaning Times by Depth
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Picture so Far:

SelectionSort. O(n?) operations

e O(n*) comparisons

e O(n) swaps {(—

BubbleSort and InsertionSort. O(n?) operations
e O(n*) comparisons

e O(n?) swaps

MergeSort. O(n log n) operations

e O(nlogn) comparisons

e O(nlogn) modifications

e uses O(n) space overhead



